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We shall assume as standard specifications, the following 
conditions: 

Variables: xij, yij, Vj, Lj, Tj 
Parameters: Fj, zij, Qj, Uj, Wj ( i = l , M ;  j = I , N )  

where M stands for the number of components and N for the sum 
of stages of the considered distillation columns. The choice of 
the above variables and parameters is not absolutely necessary 
for the proposed algorithm; for the sake of simplicity, we start by 
considering them as standard specifications. 

Therefore, the linearized equations of component material 
balance, equilibrium and stoichiometric relationships, global 
material, and enthalpy balances, written for each stage, as a 
whole, form a system showing the well-known tridiagonal sub- 
matrices structure, if interlinks are not present. This base- 
matrix is shown in Figure 1 which, for the case at hand, is formed 
by the submatrices Aj(K K ) ,  Bj(K K ) ,  Cj(K K ) ,  and t j  ( K ) .  

If one or more of the parameters, Fj, zij, Qj, Uj, and Wj, is 
considered as an unknown variable (this happens whenever 
nonstandard specification functions a r e  assigned), t h e  
tridiagonal-block structure of the coefficient matrix is not always 
guaranteed. Naphtali and Sandholm (1971), indeed, showed a 
particular situation where nonstandard specification functions 
saved the tridiagonal-block structure. In fact, they assumed that 
the new variable is Qj, and that the specification equation is a 
function only of the variables of stagej, for instance Tj=const. In 
this case, it is possible to save the tridiagonal-block structure by 
substituting the enthalpy balance on stage j with the specifica- 
tion equation. But, consider the following cases: 

(1) If the duty (Ij is a variable but the specification equation that 
substitutes the enthalpy balance on stage j is related to variables of stage 
k ( k f j ) ,  two consequences follow: the whole matrix cannot have any 
longer a tridiagonal-block structure and the submatrix B j  contains a 
zero-row which prevents its inversion (Hofeling and Seader, 1978; Buzzi 
Ferraris, 1980). 

(2) If we choose one of the remaining parameters, i .e . ,  Fj,  zij, Uj, and 
W,, as an unknown variable, it is quite impossible to substitute one ofthe 
linearized equations with a nonstandard specification equation. The 
tridiagonal-block structure may be formally saved only in the case of 
specification equations related to the same stage of the new variable at 
the cost of enlarging the submatrices, Aj, B j ,  Cj, and t j .  

SPECIFICATION EQUATIONS 

If the goal is an algorithm capable of treating the widest range 
of situations, it is more convenient to adopt a different approach, 
as developed in this note. If one or more of the parameters, Fj, 
zij, Qj, Uj, and W,, are considered as unknown variables, we 
introduce (in the right side of the base-matrix) a submatrix 
Dj(K,L) with as many columns as the number ( L )  of the new 
variables, while the rows number ( K )  is the same as Aj, Bj, Cj, 
and tj. D, contains the coefficients of the increments of the new 
variables, which are obtained by linearization of the basic equa- 
tions written for the stage j at hand, i.e., component material 
balances, equilibrium relationships, etc. 
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The number of specification equations that must be given is 
obviously equal to the number (L) of the new variables. Con- 
sider the specification equations as functions of whatever com- 
plexity of the entire set of variables (i.e., the original and the 
new ones); for instance, T,=const.; V,1L4=const.; ( U , X ~ , ~ ) /  
(F,zS,,) =const. etc. The linearized specification equations are 
introduced at the bottom of the base-matrix to form the new 
submatrices, P,(L. K )  and G(L. L), as well as the vector tc(L). Pj 
contains the coefficients of the increments of the original vari- 
ables in the linearized specification equations, while G contains 
those of the new variables. The vector tr: contains the negative of 
the residual of each specification equation. The shape of the new 
base-matrix is shown in Figure 2, while Table 1 reports the 
algorithm to solve the linear system. 

Consider now an interlink from stage r to n (r>n+l) and let 
UX,.,, and WY,, stand, respectively, for the liquid and vapor 
flow rates from stage r to stage n. The basic equations are 
properly modified by the introduction of terms in these quan- 
tities. As for the linearized equations, this results in a modifica- 
tion of the B ,  submatrix as well in the introduction of a new one, 
S,,,.(K K ) ,  which lies in the (n ,r )  position above the tridiagonal- 
block. If UX,, , ,  and/or W",,,, are considered as parameters, no 
modification occurs in the D,, submatrix. Otherwise, should 
UX,,, and/or WY,,, be taken as variables, D, is enlarged to 
contain as many columns as the number of new variables. 

If an interlink occurs from the stage m to k (k>m+ I), the new 
terms in UX, ,k  and WY,.k in the basic equations, both modify 
the submatrix B ,  and introduce a new one E k J K  K )  under the 
tridiagonal-block. In this case too, UX,,k and/or WY,,k may be 
considered as either parameters or variables, in agreement with 
what was previously stated. 

The shape of the base-matrix, when interlinks are present and 
nonstandard specifications are considered, is shown in Figure 3, 
where for sake of simplicity only two S and E type submatrices 
are present. 

Some Authors (Ketchum, 1975; Kubicek et  al., 1976) have 
proposed an interesting, but not completely satisfactory, al- 
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gorithm to solve the base-matrix in Figure 3.  In fact, they 
eliminate the submatrices of S and E type by means of the 
introduction of new variables and equations that enlarge the 
dimensions of the submatrices of D ,  P ,  and G type. For instance 
the system: 

b,x,+clxz +six4 +d,Xs=ti 
u2x1 + b2x2 +c2x3 +d2x6= t2 

~ 3 x 2  + b 3 ~ 3  + ~ 3 x 4  d&=t3 
~ 4 x 3  + b4x4+ ~ 4 x 5  + d 4 ~ 6 =  t4 

ejxt u5x4 + b5x5 + d,xs = t5 
P I X I  +p2X2 + p3x3 + r)4x4+ P5X.5 + g6x6 = t 6  

is converted into the following equivalent one by the introduc- 
tion of the new variables x7, xg: 

j = l , N  (Step 1,9) 
Step 1 C, +- B,-'C, j s N - 1  
Step 2 D, +- B,-'D, j s N  
Step 3 tJ +- B,-'t, j s  N 
Step 4 BJ+, +- B,+,-A,+,C, j s N - l  
Step 5 D,+, +- DJ+]-AJ+'D,  3 s N - l  
Step 6 t,+, +- t,+l-A,+ttJ j s N - 1  
Step 7 pJ+i + pj+1-pjCj j s N - 1  
Step 8 G +- G-PJDJ j l N  

Step 10 6XD + G-'fr: 
Step 11 6X, +- tv-D,$XD 

j = N - 1  ,..., 1 (Step 12) 
Step 12 6X, +- t J - C , ~ X J + l - D J 6 X ~ ~  

Step 9 tc +- tc-P,t, j"N 

biXi+CiXz +d,x6+s,x, =t, 
UZX,  + b 2 X Z + C Z X 3  +d2%6 = t z  

~ 3 x 2  + b 3 ~ 3  + ~ 3 x 4  + d3x6 = t 3  

a4x3 + b4x4 + c4x5 + d4x6 = t 4  
+ e5xg= t j  ~ 5 ~ 4 +  b,x, +ds~S 

P I X I  +p2x2 +P3X3+ p4x4 +P5% +g6% = t 6  

x4 - x7 =O 
XI - X g = O  

The coefficients-matrix now has a structure equal to that of 
Figure 2 ;  therefore, may be  solved by the algorithm shown in 
Table 1. This approach is very efficient and convenient when the 
number of the newly introduced variables is low. For the prob- 
lem at hand, the number of new variables is equal to the product 
of the number of interlinks and the value K (In general, K is 
equal to 2 M + 3  or, better, to M + 3  as it will be shown later.) As 
consequence: 

(1) The resulting number of the columns of submatrices D and 6, and 
the rows of P and C may be very large. 

(2) Step 10 in Table 1 may be time-consuming. 
(3) Steps 5 and 7 require a number of operations that may be avoided. 

For instance, suhmatrix Sn,r is involved in calculations at Step 5 from 
stage j = n  to j = N - l ,  while the proposed algorithm below stops the 
calculations at j = r - 2 .  A similar benefit is obtained in calculations 
involving E submatrices in Step 7. 

(4) Presumably less accuracy may be obtained due to major round-off 
errors, as a consequence of the increased number of calculations. 

The proposed algorithm is derived from the upper-triangu- 
larization method, and applies to the base-matrix of Figure 3 
without any preliminary elimination of S and E type subma- 

TABLE 2. SEE FIGURE 4 

j = l , N  (Step 1,4) 
Step 1 

Step 2 

Cj+-Bj-'Cj ( j 5 N -  1); Sj+-Bj-'Sj ( n s j s r - 2 ) ;  Dj+-Bj-'D; ( j s N ) ;  
fj+-BJ-'t, ( j i N )  
E k j + l ~ E k , j C j  (rnsjsr-2);  Ek,r+-Ek.r-Ek, jSJ (rnsjsr-2,  and nsj) ;  
E k , r + - E k , r - E k J C j  (j=r-l); EkJ+l+--Ek,jCJ ( r s j < k - 2 ) ;  
Ak+Ak-EkjCi (j=k-2); D ~ + - D ~ - E I ; , ~ D ~  ( r n s j s k - 2 ) ;  
tk+-tk-Ek,jt j  ( r n ~ j ~ k - 2 ) ;  E k p - 0  
P,+l+-Pj+l-PjCj (jsN-1); P,.+-P,-PjSj ( n s j s r - 2 ) ;  

Bj+,+Bj+l-Aj+lCj (j5V-1); Dj+l+-Dj+l-Aj+lDj (jsN-1); 
tj+' +-tj+ -AJ+ tJ ( j s N -  1); Sj+' +-S j+l -AJ+ S, (nSj<r- 2); 
C,, ,tC,+ I -A,- I Sj6= r -  2 )  

Step 3 

Step 4 
G+-G-PjD, fish'); tr;+-tr;-Pjtj ( jsN) 

Step 5 G&,,tC-'tr;; GX,v+tv-ZIvGX,, 
Step 6 6Xj+tj-Cj8Xj+,-Dj8XD j = N -  1 , .  . . , r -  1 

GXj+-tj- C,j6X,+, -Dj6Xn- Sj6X, 
SX,+-t, - Cj6Xj+, -Dj8XD 

j= r -  2 , .  . . , n 
j = n -  1,. . . , 1 

A single subscript refers to row of matrix for the submatrices A,B.C,D,S,t .  and to 
column of matrix for the submatrices P. In a double subscript, the first index refers to the 
row; the second. to the column. 
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trices. The steps involved in solving such a system are shown in 
Table 2. 

1 .  To start the procedure, it is necessary to introduce into the 

Each submatrix Sn,T (r>n+2) requires the introduction of auxiliary 

If submatrices Sn,,. (r>n+ 1) and E k , m  (k>m+ 1) are simultaneously 

scheme some zero auxiliary submatrices: 

submatrices Sn+P,r; . . .S,-,,,. 

present and if m<r, the following four possibilities occur: 

a) k s n :  
b) n<k<r-1: 

c) r - I s k s r + l :  auxiliary submatrices are not necessary 
d) k>r+I :  

auxiliary submatrices are not necessary 
on row k there is the auxiliary submatrix Sk,r 
which is on the right side of the tridiagonal-block 

on row k, there is the auxiliary submatrix E k , ,  

which is on the left side of the tridiagonal-block. 

Therefore, the system of Figure 3 is converted into the system 
shown in Figure 4. 

2.  The value N may be, for practical problems, as high as afew 
hundred, because, as stated before, it stands for the total 
number of stages of the interlinked columns. If we have a small 
value of N (for instance, a topping-section), it happens that the 
number M of components may be wide enough (30 to 50) so that 
the dimension of the entire system to be solved remains large. 

In this situation, it becomes necessary or at least convenient 
to use auxiliary core memory, and it is worthwhile to optimize 
the use of the central memory with InpuVOutput time. 

Among the different and possible procedures to do this, we 
propose the following: Define as “signed” rows, those that con- 
tain E-type submatrices. All submatrices, present in each 
“signed” row, must be first built up and stored in acompactform 
by referring to them by their column index. If the central 
memory is not sufficient to store them, it is convenient, if 
possible, to use as many auxiliary memories as the number of 
“signed” rows. For the particular system of Figure 4, the sub- 
matrices of the “signed” row k are stored in a memory 1 (aux- 
iliary or central) which has the following form: 

Memory l:/Ek,n?Ek,PkBkCkDktkl 

The submatrices with column indices m , r , k - l , k , k + l ,  and the 
Dk submatrix and the tk vector are the elements contained in it. 

The coefficients of nonstandard specification functions are 
built up and the related submatrices P and G, and the vector tc 
should be stored in Memory 2. A storage location inside the 
central memory is more convenient; otherwise, auxiliary ones 
must be used. If the latter, storage may be more efficient if it is 
made row by row for the entire set of submatrices instead of the 
alternative one, submatrix P by submatrix P. In fact, this will 
lead to the reading and writing of some large blocks for a few 
times instead of reading and writing small blocks for many times, 
because the number of specification functions L is, in general, 
considerably lower than t h e  number of stages N .  The 
coefficients of the elements B1, C1, D 1 ,  and t l ,  related to stage 
number 1 ,  are built up and stored inside the central memory. 

The calculations start from Step 1 of Table 2; the obtained 
results are stored in an auxiliary Memory 3, which is the only 
one that is practically indispensable. 

Memory 3: ICi,Di,tilCz,Dz,tzI. . . /Cn,Sn,Dn,td.  .ICr-z,sr- 
I cr-i,Dr-1, tr-11. . . / C.v-1, DN-1, tN-d DN, tN/ 

Step 2 is executed for m ~ j d c - 2 ;  in the meantime, Memory 1 
will be active for the collection and the storage of information. 
Then Step 3, which uses Memory 2 ,  is executed. 

The execution of Step 4 is preceded by the build-up and 
storage in  central memory of submatrices, Aj+l ,  B j + l ,  

Cj+l ,Sj+l ,D,+I,  and tj+l, whenj+l  # k. Otherwise, ( j + l = k ) ;  the 
above submatrices are already at disposal inside Memory 1 from 
Step 2. This procedure strictly requires the storage of only the 
submatrices of two rowsj , j+l  orj, k inside the central memory. 
The possibility to enlarge storage to “signed” rows and/or to 
submatrices pertaining to the specification equations must be 
examined in terms of further facilities offered by the capability of 
the utilized computer. 
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As the proposed method is by nature a forward one, the 
E-type submatrices are eliminated by utilizing only once the 
information of the “not-signed” rows. The utilization of such 
rows would be iterative, if a backward procedure should be 
utilized (Hofeling and Seader, 1978; Buzzi Ferraris, 1980). 

Therefore, it is convenient to save the above “not-signed” 
rows inside the central memory. This requirement may be 
sometimes troublesome. In general, the necessity of central 
memory is more critical with the backward method than with 
the forward procedure as the number of “not-signed” rows is 
higher than that of “signed” ones. (The order of magnitude of 
their difference may be  roughly obtained by comparing the 
number of interlinks with the number of stages.) Thus, the 
forward method used here may result in a great saving of I/O 
time. 

The remaining Steps in Table 2 are then applied in sequence, 
noting that Step 6 utilizes submatrices stored inside Memory 3. 

3. The number of submatrices that are simultaneously present 
in each row remains constant during the computing phase. This 
peculiarity is related both to the introduction of auxiliary sub- 
matrices, as shown, and to the fact that whenever a submatrix is 
built up (&,+I in Step 2) in whichever row, another disappears 
( E k ,  in Step 2) in the same row. The auxiliary submatrices that 
convert the matrix of Figure 3 to that one of Figure 4 are, in 
general, a few, so that their storage inside central memory does 
not create great problems since the central memory is utilized 
strictly for the storage of the elements of two rows each time. 
4. When the residuals of equations are small, it is useful to 

adopt a simple Quasi-Newton method. For this purpose, it is 
necessary both to calculate, in the preceding iteration, the 
submatrices, Bj- l  and t o  s tore  t h e  submatrices, B j - ’ ,  
Ekj,Aj+1,Pj9G-l, in an auxiliary Memory 4. In this way, it is 
required to execute only the steps that involve the new residuals 
t, of the equations. The solution obtained is the same that would 
be obtained considering as constant the Jacobi matrix of the 
system. 

5.  Some authors eliminate from the system the variables y,,, 
substituting them with K,g,,. When the K-ratios are weakly 
dependent on y, it is better to use the following linearized 

equilibrium equation for 6yij: 

where &is the residual of equilibrium equation: yi j  - Kijxlj = 0.  
The substitution of this expression within the remaining 
linearized equations strongly reduces both the submatrices di- 
mension and the computing time necessary to solve the 
linearized system. 

6. If 
,’ 

hj = hzjx,, 
In 
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and 

then, 

and 

It is always convenient to use these relationships (neglecting 
possible heats of mixing), when computing the derivatives. 

7. Numerical computation of the derivatives aKij/aT, is more 
conveniently performed only on few selected trays. For the 
remaining ones, a very good approximation is obtained from the 
relation: 

aKij - K~~ 
U -  _ -  

aTJ T j  

where the parameter a is given by linear interpolation between 
two trays, where the computation has been performed numeri- 

8. Strong dependence of Kij on liquid and/or vapor composi- 
cally. 

tion may require the introduction of terms: 
aiqj a ~ ~ ,  
_.__ 

axnj ’ ~ Y M  

The evaluation time for these derivatives is relatively long; 
therefore, some loops without this computation may be more 
conveniently performed at the beginning. Then, the derivatives 
are evaluated only for a few selected stages, interpolating them 
linearly for the others. If convergence is not reached by this 
procedure, it may be useful to evaluate them for each stage. Not 
all interlinked columns show this problem. So, it is necessary 
only to use this procedure for those that require it. 

NOTATION 

= submatrix of partial derivatives of linearized equa- 
tions on stagej with respect to variables on stagej - l 

= submatrix of partial derivatives of linearized equa- 
tions on stage j with respect to variables on stage J 

= submatrix of partial derivatives of linearized equa- 
tions on stagej with respect to variables on stagej+ 1 

= submatrix of partial derivatives of linearized equa- 
tions on stagej with respect to nonstandard variables 

= submatrix of partial derivatives of linearized equa- 
tions on stage k with respect to variables on stage m 
(k>m+ 1) 

= total feed to stage j 

= submatrix of partial derivatives of linearized spec- 
ification equations with respect to nonstandard vari- 
ables 

= molar enthalpy of the stream LJ 
= molar enthalpy of the stream V, 
= equilibrium constant for component i ,  tray j 
= row and column number for submatrices A,B,C 
= liquid stream to state j+ 1 
= number of new variables and of nonstandard spec- 

= number of components 
= total number of trays for all the columns 
= submatrix of partial derivatives of linearized spec- 

ification equations with respect to variables on stage j 
= heat from stage J 

= submatrix of partial derivatives of linearized equa- 
tions on stage n with respect to variables on stage r 
( r > n + l )  

ification equations 

= temperature on stage j 
= residuals of the equations associated to the stage j, 

with the opposite sign 
= residuals of the nonstandard specification equations, 

with the opposite sign 
= liquid-side stream from stage j 
= liquid total flow rate from stage r to stage n 
= vapor stream to stage j- 1 
= vapor-side stream from stage j 
= vapor total flow rate from stage r to stage n 
= molar fraction of component i in FJ 
= molar fraction of component i in LJ 
= molar fraction of component i in V, 
= Newton correction to variable X 
= residual of equilibrium equation (component i, tray j) 
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A Comment on the Equation of State by Hirschfelder et 01. 
J. D. JOHNSON 

Los Alamos Scientific Laboratory 
Los Alamos, New Mexico 87545 

We find a flaw in the gas equation of state formulated by 
Hirschfelder e t  al. For densities somewhat smaller than the 
critical density and temperatures in the neighborhood of the 
critical temperature, d P / d p  at constant temperature is negative. 

This violates the requirement of mechanical stability. The im- 
portance of the violation depends on the use being made of the 
equation of state. 

In previous articles, Hirschfelder, Buehler, McGee, and Sut- 
ton (1958) presented an analytic equation of state for gases and 
liquids which was designed to match the corresponding states 
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